Abstract. By using realistic models for elastic hadron scattering, we demonstrate that at present accelerator energies the s-channel unitarity bound is safe, not to be reached before 10 5 GeV, while the black disc limit is saturated around 6 TeV. By increasing the energy, a larger transparency of the scattered particles near the center, surrounded by a black ring, is expected. Unitarity effects are incorporated and their effects are studied both in a phenomenological and formal, analytical way.
Introduction
Our decision to write this paper was motivated partly by recent claims that in high-energy hadron scattering the black disc limit has been reached and the violation of the s-channel unitarity in some models is just around the corner. While the first statement is true and has interesting physical consequences, the second one is wrong for any realistic model fitting the existing data on proton and antiproton scattering up to the highest accelerator energies.
To start with, let us recall the general definitions and notations. Unitarity in the impact parameter (b) representation reads mh(s, b) = h (s, b) 2 + G in (s, b) ,
where h(s, b) is the elastic scattering amplitude at √ s center of mass energy (with mh(s, b) usually called the profile function, representing the hadron opacity) and G in (s, b) , called the inelastic overlap function, is the sum over all inelastic channel contributions. Integrated over b, (1) reduces to a simple relation between the total, elastic and inelastic cross sections σ tot (s) = σ el (s) + σ in (s). Equation (1) imposes an absolute limit
while the so-called "black disc
is a particular realization of the optical model, namely it corresponds to the maximal absorption within the eikonal unitarization, when the scattering amplitude is approximated as
with a purely imaginary eikonal ω(s, b) = iΩ (s, b) . Eikonal unitarization corresponds to a particular solution of the unitarity equation
the one with minus sign. The alternative solution, that with plus sign is known [1, 2] and realized within the so-called U -matrix 1 approach [3, 4] where the unitarized amplitude is
where now U is the input Born term, the analogue of the eikonal ω in (4). In the U -matrix approach, the scattering amplitude h(s, b) may exceed the black disc limit as the energy increases. The transition from a (central) "black disc" to a (peripheral) "black ring", surrounding a gray disc, for the inelastic overlap function in the impact parameter space corresponds to the transition from shadowing to antishadowing [1] . We shall present a particular realization of this regime.
The impact parameter amplitude may be calculated either directly from the data, as it was done e.g. in [5, 6] (where, however, the real part of the amplitude was neglected) or by using a particular model that fits the data sufficiently well. There are several models appropriate for this purpose. In the classical paper [7] on this subject, from the behavior of G in (s, b) , the proton is characterized as getting "BEL" (Blacker, Edgier and Larger). Below we P. Desgrolard et al.: Where is the black disc limit?
show that the proton, after having reached its maximal darkness around 6 TeV, may get less opaque beyond.
Actually, the construction of any scattering amplitude rests on two premises: the choice of the input, or Born term and the relevant unitarization procedure (eikonal or U -matrix in our case). Within the present accelerator energy region there are several models that fit the data reasonably well. Compatible within the region of the present experiments, they differ significantly when extrapolated to higher energies. We shall consider two representative examples, namely the Donnachie-Landshoff (D-L) model [8, 9] and the dipole Pomeron (DP) model [4,10]) In Sect. 2 we present the necessary details about the two realistic models (D-L and DP), then, focusing on the DP model, we investigate in Sect. 3 the unitarity properties at the Born level and in Sect. 4 we study the optical properties (transparency) after unitarization; a comparaison with the D-L model is given in the Appendix.
The Born term
The Donnachie-Landshoff (D-L) model [8] is popular for its simplicity. Essentially, it means the following four-parameter empirical fit to all total hadronic cross sections
where two of the parameters, namely δ (≈ 0.08) and δ r (< 0) are universal. While the violation of the FroissartMartin (F-M) bound,
inherent in that model, is rather an aesthetic than a practical defect (because of the remoteness of the energy where eventually it will overshoot the F-M limit), other deficiencies of the D-L model (or any other model based on a supercritical Pomeron) are sometimes criticized in the literature, but so far nobody was able to suggest anything significantly better instead. A particular attractive feature of the D-L Pomeron, made of a single term, is its factorizability, although this may be too crude an approximation to reality. The t dependence in the Donnachie-Landshoff model is usually chosen [9] in the form close to the dipole formfactor. For the present purposes a simple exponential residue in the Pomeron amplitude will do as well, with the signature included
where α(t) = α(0) + α t is the Pomeron trajectory and N is a dimensionless normalization factor related to the total cross section at s = s dl by the optical theorem
According to the original fits [8, 9] : s dl = 1 GeV 2 , α(0) = 1.08, α = 0.25 GeV −2 , and X = 21.70 mb (see (7)) resulting in N = X 4π sin πα(0)/2 = 4.44. By identifying
and choosing the CDF or E410 result for the slope B exp at the Tevatron energy, we obtain B = 1 2 B exp (s)−α ln s s dl = 4.75 GeV −2 . In the dipole Pomeron (DP) model [4] , factorizable at asymptotically high energies, logarithmically rising cross sections are produced at a unit Pomeron intercept alone and thus DP does not conflict with the F-M bound. While data on total cross section are compatible with a logarithmic rise (DP with unit intercept) the ratio σ el /σ tot is found (see [11] for details) for δ = 0 to be a monotonically decreasing function of the energy for any physical value of the parameters. The experimentally observed rise of this ratio can be achieved only for δ > 0 and thus it requires the introduction of a "supercritical" Pomeron, α(0) > 1. As a result, the rise of the total cross sections is driven and shared by the dipole and the "supercritical" intercept. The parameter δ = α(0)−1 in the DP model is nearly half that of the D-L model, making it safer from the point of view of the unitarity bounds. Generally speaking, the closer the input to the unitarized output, the better the convergence of the unitarization procedure.
Let us remind that, apart from the conservative F-M bound, any model should satisfy also s-channel unitarity. We demonstrate below that both the D-L and DP model are well below this limit and will remain so within the forseable future. (Let us remind that the D-L and the DP model are close numerically, although they are different conceptually and consequently they extrapolations to superhigh energies will differ as well.)
The elastic scattering amplitude corresponding to the exchange of a dipole Pomeron reads
where L ≡ ln 
The model contains the following adjustable parameters: a, b p , α(0), α , and s 0 .
